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Lattice representation of vector and chiral gauge theories
Takanori Sugihara
RIKEN BNL Research Center, Brookhaven National Laboratory, Upton, New York 11973, USA
A lattice derivative is defined as a discrete Fourier trans-
form of momentum on a finite lattice. Species doublers are
removed with anti-periodic boundary conditions. U(1) chiral
transformation is modified to reproduce chiral anomaly. Chi-
ral gauge theories can be constructed on the lattice using a
single Weyl fermion as a building block. See Refs. [1,2].
Our doubler-free lattice derivative is defined as follows.
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where pl ≡ 2pil˜/N , l˜ ≡ l − 1/2, and s ≡ 2pin/N . The
derivative has antiperiodicity, ∇n+N = −∇n. In the
continuum limit a → 0 after N → ∞, we obtain the
first order derivative of the continuum theory.
lim
a→0
1
a
∇n = a
∂
∂x
δ(x). (2)
The derivative has an appropriate continuum limit. The
lattice covariant derivative
(Dµ)m,n ≡
1
a
∇mµ−nµUm,n(µ)
4∏
ν=1(ν 6=µ)
δmν ,nν (3)
is diagonal with respect to the space-time indices m and
n except for the µ-th ones. The variable Um,n(µ) is a
product of all link variables that compose a line segment
between the two sites m and n parallel to the µ-th di-
rection. The Dirac operator is a simple matrix easy to
implement to a computer.
To simulate chiral anomaly on the finite lattice, we
introduce the modified chiral transformation with θn ≪ 1
ψ′m =
∑
n
(1 + iθmγˆ5)m,n ψn, (4)
ψ¯′m =
∑
n
ψ¯n (1 + iθmγˆ5)n,m , (5)
where (γˆ5)m,n ≡ γ5 (1− aG/2)m,n. The operator G is
the Neuberger’s solution [3] to the Ginsparg-Wilson rela-
tion γ5G+Gγ5 = aGγ5G and has nothing to do with the
Dirac operator (3). Under global transformation with
θn = θ, the classical action S generate an explicit break-
ing term proportional to lattice spacing a.
δS =
i
2
θa4
∑
m,n
ψ¯mγ5a( /DG−G /D)m,nψn. (6)
In the continuum limit, the breaking term vanishes and
the global transformation is a symmetry of the classical
action. However, the breaking term reproduces topo-
logical charge quantum mechanically and gives the index
theorem for arbitrary lattice spacing. The explicit break-
ing term (6) is necessary for taking care of zero mode of
the anomalous Ward identity as shown below.
The axial current divergence is defined as a variation
of the classical action under the local transformation.
(∂µJˆ
5
µ)m =
∑
n1,n2
[
ψ¯n1(γˆ5)n1,m /Dm,n2ψn2 (7)
+ψ¯n2 /Dn2,m(γˆ5)m,n1ψn1
]
. (8)
The fermion measure transforms as
Dψ′Dψ¯′ = exp
(
−2i
∑
n
θnAn
)
DψDψ¯. (9)
where chiral anomaly An ≡ tr(γˆ5)n,n is a gauge-invariant
quantity. Then, we have the anomalous Ward identity
〈(∂µJˆ
5
µ)n〉 = −
2
a4
An, (10)
which holds also for the zero mode of the axial current
divergence. As shown in Ref. [4], the index theorem holds
for arbitrary lattice spacing.∑
n
An = Index(G). (11)
A single Weyl fermion can exist on the lattice without
violating gauge symmetry because the fermion measure
is invariant under gauge transformation.
The advantage of the proposed method is the complete
existence of the anomalous Ward identity and exact fla-
vor chiral symmetry. Approximation of γˆ5 does not mod-
ify flavor chiral symmetry.
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